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Abstract

This paper describes the parametric surface functions found in VTé&sé&burfaces
are generated by sets of equations describing the deformation of th@aeealinto the
surface.

The introduction provides some background material and definitions afrgric
surfaces. Some sample code in TCL aneitGor the Mobuis strip is provided.

In the next chapter, the procedure for creating new classes to ¢emparametric
surfaces is described using the equations for a Figure-8 torus.

The remaining chapters provide a description of each VTK parametriacgurihe
defining equations and their partial derivatives are also provided.

Pictures of each surface are provided to showcase their features.
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1 Parametric Equations

Introduction

Parametric surfaces are surfaces that are parameterseal{) by two independent vari-
ables. By doing this it is relatively easy to represent s@dabat are self-intersecting, such
as Enneper’s surface, and surfaces that are non-orientatalle as the Kbius strip. Many
of these surfaces are impossible to represent by usingdinfulnctions. Even where im-
plicit functions exist for these surfaces, the tessellagpresentation is often incorrect. This
is because the surfaces are self intersecting and thel&gsegenerated from the implicit
function does not reflect the nearness of points on the sirfac

Historically, these surfaces played a powerful and impdntale in Differential Geom-
etry. They were often used as tools to determine what prieigenft surfaces are invariant
under various transforms. They were also used as tools ¥esiigating the properties of
surfaces in higher-dimensions e.g. the Klein bottle. Tiey fplayed an important role in
the foundation of, and development of Geometry and Genetati®gy, underlying modern
Mathematics and Physics.

The surfaces have an inherent beauty and were often naneedregfir discoverers. VTK
provides an ideal mechanism for users to develop and disipéaryown surfaces.

VTK has a class called vtkFunction() that provides an absirderface for functions
defined by a parametric mapping. This class also has the rogegy in that it unifies the
spline functions found in VTK, since these are parametrimaiure. Thus we can derive
from this class and provide the equations that generateuttfiéce in the derived class. To
show how this is done, a series of classes have been provigedteParametricEllipsoid.
Once we have created the class defining the surface, we ngeté¢oate it. To do this, we
pass the output from the derived class to an instance of kdkiretricFunctionSource(). This
will produce the tessellation of the parametric function.

An example - the Modbius strip

A good example is the ®bius strip. Physically we can construct this by taking agltmin
strip of paper and joining the ends with a half-twist (180f you trace around the surface
with a pencil, you will discover that it only has one surfaigeve ignore the thickness of the
paper). Because there is a half-twist in the surface, thaseiit non-orientable.

There is a class in VTK called vtkParametricMobius() thdt eonstruct a Mbbius strip.
In a sense, this is a more faithful representation of @NMs strip because it only has one
side. The non-orientable nature of the surface can be sedisplying the normals (use
vtkHedgeHog() or vtkGlyph3D() ). If you so this, you will saesudden change in direction
of the normals where the surface has been joined. You caniralestigate curvature by
using vtkCurvatures() on this and the other parametric sasia



To get you started here is the implementation of thibhs Strip in TCL and €+, along
with a CMake.txt file for G-+.

package require vtk
package require vtkinteraction

vtkParametricMobius mobius

vtkParametricFunctionSource mobiusSource
mobiusSource SetParametricFunction mobius
mobiusSource SetScalarModeToV

vtkPolyDatalMapper mobiusMapper
mobiusMapper SetInputConnection [mobiusSource GetOutputPort]
mobiusMapper SetScalarRange -1 1

vtkActor mobiusActor
mobiusActor SetMapper mobiusMapper
mobiusActor RotateX 45
mobiusActor RotateZ -10

vtkRenderer renl

renl SetBackground 0.7 0.8 1
vtkRenderWindow renWin

renWiin AddRenderer renl

renWin SetSize 800 800

reniin SetWindowName "Mobius Strip"
vtkRenderWindowInteractor iren

iren SetRenderWindow renWin

# add actors
renl AddViewProp mobiusActor

iren AddObserver UserEvent {wm deiconify .vtkInteract}
iren AddObserver ExitEvent {exit}

renWin Render

mobiusActor SetPosition 0 -0.35 0
[renl GetActiveCamera] Zoom 1.9



# prevent the tk window from showing up then start the event loop

wm withdraw .

Here is the equivalent program int&:

J ] =
// Includes
Bt
#include "vtkSmartPointer.h"

#include "vtkRenderer.h"

#include "vtkRenderWindow.h"

#include "vtkRenderWindowInteractor.h"

#include "vtkParametricMobius.h"
#include "vtkParametricFunctionSource.h"
#include "vtkPolyDataMapper.h"

#include "vtkActor.h"

#include "vtkCamera.h"

J ]
// Create a mobius strip
[ =
int main ( void )
{

/e

// Select the function and source and then conect them to the
// mapper and actor.
/e
vtkSmartPointer<vtkParametricMobius> mobius

= vtkParametricMobius: :New();
vtkSmartPointer<vtkParametricFunctionSource> mobiusSource

= vtkSmartPointer<vtkParametricFunctionSource>: :New();

vtkSmartPointer<vtkPolyDataMapper> mobiusMapper
= vtkSmartPointer<vtkPolyDataMapper>: :New();

vtkSmartPointer<vtkActor> mobiusActor
= vtkSmartPointer<vtkActor>::New();

mobiusSource->SetParametricFunction(mobius);
mobiusSource->SetScalarModeToV();
mobiusMapper->SetInputConnection(mobiusSource->GetOutputPort());
mobiusMapper->SetScalarRange(-1, 1);

mobiusActor->SetMapper (mobiusMapper) ;

mobiusActor->RotateX(45);



mobiusActor->RotateZ(-10);

/e
// Create the RenderWindow, Renderer and Interactor
[
vtkSmartPointer<vtkRenderer> renl

= vtkSmartPointer<vtkRenderer>: :New();
vtkSmartPointer<vtkRenderWindow> renWin

= vtkSmartPointer<vtkRenderWindow>: :New();
vtkSmartPointer<vtkRenderWindowInteractor> iren

= vtkSmartPointer<vtkRenderWindowInteractor>: :New();

renWin->AddRenderer(renl);
iren->SetRenderWindow(renWin) ;

/] =

// Add actors and render the scene.

[/ e
renl->AddViewProp(mobiusActor);

renl->SetBackground(0.7, 0.8, 1);
renifin->SetSize (800, 800);

renWlin->SetWindowName ("Mobius Strip");

iren->Initialize();

renl->Render();
mobiusActor->SetPosition(0, -0.35, 0);
renl->GetActiveCamera()->Zoom(1.9);
iren->Start();

return 0;
The corresponding CMake.txt file is:

PROJECT (Mobius)

INCLUDE (${CMAKE_ROOT}/Modules/FindVTK.cmake) IF (USE_VTK_FILE)
INCLUDE(${USE_VTK_FILE})
ENDIF (USE_VTK_FILE)

SET (EXECUTABLE_OUTPUT_PATH ${PROJECT_BINARY_DIR}/bin
CACHE PATH
"Single output directory for all the executables."

)

ADD_EXECUTABLE (Mobius Mobius.cxx)



TARGET_LINK_LIBRARIES (Mobius
vtkCommon vtkGraphics
vtkHybrid vtkIO vtkRendering)

If you compile and run this code, you should get an image lile¢ bn page 32. Use the
above code as a template for trying out the other paramefriaces.

In the next subsection we will discuss some of the fundantemi@eded to construct
such a surface. The remaining sections describe and detahjuations used for the various
surfaces.

Definition

We can think of parameterising a surface as the process oifgtakpart of a plane and
deforming it into a surface. More formally, this is a mappiingm a plane to the space
containing the surface. If we letv be the coordinates of some part of a plane and (in
three-dimensional spacg)y,z be the usual Cartesian coordinates. Thus we have a mapping:

(u,v) = (f(u,v),g(u,v), h(u,v))
where:
f(u,v)

g(u,v)
h(u, v)

z

are functions ofi, v that map g, v) to the usual Cartesian coordinatesy z).
Or, equivalently, we define a surfaBeas:

S(u,v) = (f(u, V), g(u,v), h(u, v))

In order to calculate the normals, we need the partial divesofx, y, zwith respect to
u, Vv, so accordingly, we define:

_0f(u,v) _0f(u,v)
A TR

_og(u,v) _og(u,v)
o i Yo T T

_oh(u,v) _oh(u,v)
AT T AT Ty



If we let X = (X,y,2) be a vector representing the point ¥, z2) then we can define
Xu = (Xu, Yu, Zu) @andX, = (X, Vv, Z,) to be the vectors of the partial derivatives at that point.
Hence the normai is defined by:
n =X, XXy

A good development of the brief summary above may be foun@jinA good online
source of information about these surfaces and the georassigciated with them can be
found in [10] and [4].

Terminology

In the following discussion for each surface, we will defihe equations for each surface
and the equations of the partial derivatives of the surfadbe above terms. However, note
that sometimes we will define auxiliary functions suchX4s, v) to simplify notation. Do
not confuseX(u, v) with X.



2 How to create your own surface

Here are some instructions on how to create your own surfasen example, we will
provide equations (and their derivatives) for a Figuref84o Remember that if you do not
want to use these equations, search [10], [9] (from whickedlegjuations were taken), [4] or
[1].

The Figure-8 Torus is constructed by joining the ends of aréiglicylinder with a full
twist (360). Contrast this with the figure-8 Klein bottle where the enids figure-8 cylinder
are joined with a half-twist (180 on page 27.

Instructions

Step 1: Determine the parametric equations for your surface arzlilze the
partial derivatives. For non-orientable surfaces you roaktulate the
partial derivatives in order to determine the normals orsthace. In
this case, VTK is unable to do this automatically. Even foewtable
surfaces it is best to calculate the partial derivativas,gbems to give
better shading on the surface.

Step 2: Create a new class inheriting from vtkParametricFunction()

Step 3: For any of the parameters in the equations you are using nieke t
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Step 4:
Step 5:

Step 6:

Step 7:

Equations

protected and use vtkSetMacro() and vtkGetMacro() t@eetalues
for these parameters.

Override GetDimension() so that it returns 2.

Override Evaluate(). In the implementation of this funati@rop in
the equations that define the surface. Look at one of theiryiStTK
parametric surface functions to see how this is done.

Override EvaluateScalar(). This function should returnness you
are creating a special scalar for the surface.

In the constructor, initialise any of the parameters in tipgagions you
are using. In addition, remember to initialise the tesseltaparame-
ters: MinimumU, MinimumV, MaximumU, MaximumV, JoinU, Joifi
TwistU, TwistV, ClockwiseOrdering, DerivativesAvailable

Its equations are:

f(u,v)

g(u,v)
h(u, v)

cosf) = (a+ sin(v) = cosf) — sin(2x v) * sin(u)/2)

sin(u) = (a + sin(v) = cos{) — sin(2x v) = sinu)/2)

sin(u) = sin(v) + cos() * sin(2x v)/2

Then the figure-8 torus is defined by:

S(u,v) = (f(u,v),g(u,v),h(u,v)), where —r<u<n, —-r<v<m a>0

At this point, since this is an orientable surface, we hawaugh information to build
a class to calculate the surface, since VTK can automaticalculate the normals. In this
exercise, for the sake of completeness, we will calculaetrtial derivatives and use them.
We can then compare thefidirence in the appearance of the surface when we calculate the
partial derivatives, and hence the normal, to when VTK dates the normals.

11



Xy

Yu

Yv

Z

Z

—g(u, V) + cos) = (= sin(v) = sin(u) — sin(2x v) = cos(l)/2)
cos() = (Cosg) * Cosg) — Cos(2+ V) = sin(u))

f(U, V) + Sinu) = (— sin(v) = sinu) — sin(2 v) » cos()/2)
sin(u)  (Cosg) = cos(l) — Cos(2+ V)  sin(u))

sin(v) * cosg) — sin(2 v) = sin(u)/2

cos) = sin(u) + cos(2x V) = cos)

In the above case, vtkParametricTorus.h and vtkParanettis.cxx will provide a good
model for your class. The tessellation parameters shousegbas follows:

MinimumuU = -—vtkMath :: Pi()
MinimumV = —wvtkMath :: Pi()
MaximumuU = vtkMath :: Pi()
MaximumV = vtkMath :: Pi()
JoinU =1
JoinV =1
TwistU =0
TwistV =0
ClockwiseOrdering = 1
DerivativesAvailable = 1

When you get it all working, you should get a surface that losiksilar to that at the
beginning of this chapter. Hint: Usa € 2).

As an exercise, save the image you have created. Then riatalthe image but let VTK
calculate the normals in place of our calculated ones (his¢& DerivativesAvailablefiY)),
compile, run and compare the images. You should seffereince.

12



Remember, you can use EvalauateScalar() to create your asonadised scalar for the
surface. However, note that UResolution and VResolution afrdinectly available because
these attributes are in vtkParametricFunctionSource.
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3 Boy’s Surface

This is a Model of the projective plane without singulastiét was found by Werner Boy
on assignment from David Hilbertin 1901. The Boy Surface isliiatersecting continuous
surface possessing three-fold symmetry. It is homeomotptihe real projective plarieP?.
More information about the surface and alternative repregi®ns can be found in [5].

In [8] there is an interesting description of the history ofyBasurface, reproduced here:

Boy'’s surface was named after Werner Boy who discovered it in 10@ginally, David
Hilbert, assigned Boy the task of proving or disproving if it is possible to immars
closed form of the real projective plameéP? in 3-spaceR3 without the formation of

a singularity. Other realizations &P? are notorious for the presence of singularities
when represented i3, and though the subject of projective geometry had been studied
for 300 years prior, nobody had yet discovered a closed surfatends singularity
free. It had not been mathematically proven such a surface could extgtyvir, it was
generally believed that there was no singularity free closed form opregctive plane.
Hilbert was rather surprised when his student proved that such acsuifd exist if a
continuous double point curve intersects with itself at a triple point. The tripilet 5
located in the centre of the image above. Boy'’s surface also has the iimgm@®perty

of having a three fold symmetry axis.

During Boy’s time he didn’t have a computer to plot out the surface for hongdid he
have the parameterisation needed to mathematically realize his newly founthsiggu
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free surface. How did he come up with such an odd surface, and ifartine how could
he defend his claim that it was singularity free? The answer is that heigusilised
it, and through this visualisation he was able to make several sketches abjbetipe
plane and found that there were no singularities. Boy never did figunelwat the cor-
rect parameterisation for his famous surface was, a parametric modelyf &irface
was not derived until in 1978 when B. Morin solved the problem. Ironidslityin was
blind and never did get to see what his solution really looked like. TopollygiBay’s
surface is very similar to the Roman surface, noting that they both are teaiz@f
RP? immersed inR3, and they both have a triple point. In fact the only redfati
ence is that the Roman surface has six Whitney singularities while Boyacgunas no
singularities. The surfaces are so similar that a homotopy exists between them.

If you want to construct a paper model of Boy’s Surface, loojdht

Parametric Equations

Define:
X(u,v) = cosusinv
Y(u,v) = sinusinv
Z(u,v) = cosv
Let:
fuv) = %(2x2 —Y? = Z% + 2YZ(Y? = Z%) + ZX(X% = Z%) + XY(Y? = X?))

g(u,v) = ‘/73(\(2 — 7%+ (ZX(Z% = X?) + XY(Y? = X?)))

h(uv) = X+Y+2)((X+Y+2>2+4(Y-X)(Z-Y)(X-2)
Then Boy’s surface is defined by:
S(u,v) = (f(u,v),9(u,v),h(u,v)), whereO<u<n,0<v<nr

A good representation is found by scaling the x,y,z diretiby (1,1,18).

15



The derivatives are given by:

Xu

Xy

Yu

Y

1 1., 1

_Lva - zaxs avexe - Szxey 4 3zxve — avx - Lyt s 1zey
2 2 2 2

(gzzx2 +2ZX - %z“) COSU + (—2ZX3 + 2ZXY? + 3Z2Y?

. 1 3 .
- ZY - Z% sinu + (—EX3 + EZZX — Y3+ 3Z%Y + Z) sinv

1 1 1
x/§(—§x4 +3Y2X2 + gzx2v +YX - §Y4 - Ez3Y)

\/1_3,((—:—;ZZX2 + ]E'Z“) cosu + (—2ZX3 + 2ZY?X + ZY) sinu

1., 3, .
+(2X 2Z X+ Z)sinv)

3 3
X* + §ZX3 + EZZX2 + X3Y - 3X2Y?2 + 3ZX2Y - Y3X

3 3
—Z7Y3 - Z72y2 - 78y
2 2

1
(EZXB + gZ3X + Z% cosu

9
+ (4ZX3 + 3ZX2Y + EZZX2+

9 1 3 .
EZZXY + 323X + EZY3 +3Z%Y?% + §Z3Y) sinu

+ (—gXZY - gZX2 - gXY2 - 3ZXY - 322X - Y?

3 1 .
- EZYZ - EZS) sinv

16



4 Conic Spiral

A conic spiral may be thought of as a tube of varying radiustiaa been twisted in three-
dimensional space to form a spiral shape. They often reseselal-shells. Accordingly there
are extra parameters to control this appearance. The paisatien used here is from [7].

Parametric Equations

Define:
f(uv) = a(l- %) cosnv(1 + cosu) + ccosnv
gluv) = a(ll- %) sinnv(1 + cosu) + csinnv
bv+a(l- l) sinu
h(uv) = 2n

2n

Wherea, b, c > 0.

The parameters, b, c andn need to be carefully selected. A good starting set of param-
etersarea=0.2,b=1,c=0.1,n = 2, this yields a conic spiral shape. A Nautilus shape
can be made with the parameters 0.2,b=0.1,c=0,n= 2.

17



Then the conic spiral is defined by:
S(u,v) = (f(u,v),9(u,v), h(u,Vv)), whereO<u<2r, 0<Vv<2r

The derivatives are given by:

% .
= —ax(1- —)cosnvsinu
Xy (-5
a vV, . :
Xy = o cosnv(1 + cosu) — an(1 — E) sinnv(1 + cosu) — cnsinnv
Vi, . .
= —-a(l- —)sinnvsinu
yU ( 27_[)
a . %
Y = o sinnv(1 + cosu) + an(1 — Z) cosnv(1 + cosu) + cncosnv

Vv
= a(l- —

Z, a( 2-n)cosu

b —asinu
2n

18



5 Cross-Cap

The cross-cap is an image of the real projective gkife It has a segment of double
points, which terminate in two “pinch” points, or Whitney girarities. Every neighbour-
hood of the pinch point intersects itself.

Parametric Equations

Define:
f(u,v) = cosusin2v
g(u,v) = sinusin2y
h(u,v) = cosvcosv— cogusirtv

Then the cross-cap is defined by:

S(u,v) = (f(u,v),9(u,v), h(u,v)), whereO<u<nm, 0<v<n

19



The derivatives are given by:

X = -y

Xy, = 2c0osucosa/

Yo = X

Yy = 2sinucos

z, = 2cosusinusir’v

z, = -2cosvsinv(l+ cogu)

20



6 Dini's Surface

This is a surface obtained by taking a pseudosphere andrgvist Note that a pseu-
dosphere has constant negative Gaussian curvature, tiennarne “pseudo-sphere” as an
analogy to a sphere which has constant positive Gaussiaatove. Like a pseudosphere,
this surface has constant negative curvature. It was naftexd Hisse Dini.

Parametric Equations

Define:

f(u,v) = acosusinv

g(u,v) = asinusinv

h(u,v) = a(cosv+log tan\—2/)+bu
Wherea, b > 0.

Then Dini’s surface is defined by:

S(u,v) = (f(u,v),g(u,v),h(u,v)), where0<u, O<v

21



The derivatives are given by:

XU =
Xy =
Yo =

W =

g(u,v)
acosu cosv
f(u,v)
asinucosv
b
\Y;
1+ tanzé
al—sinv + v
2tan—
2

22



7 Ellipsoid

The ellipsoid can be used to represent a sphere or a spheroid.

Parametric Equations

Define:
f(u,v) = acosusinv
g(u,v) = bsinusinv
h(u,v) = ccosv

Wherea, b, c > 0.
Then the ellipsoid is defined by:

S(u,v) = (f(u,v),g(u,v), h(u,v)), whereO<u<2r, 0<Vv<2r

If the lengths of two axis of the ellipsoid are the same thefigpure is called a spheroid. In
this case, assumirg= b, it is an oblate spheroid & < a and a prolate spheroidd> a. If
the lengths of all three axes are the saameb = c then the figure is a sphereis known as
the azimuthal angle, andis known as the polar angle.

23



The derivatives are given by:

X, = -—asinusinv
Xy = acosucosv
Yo = bcosusinv
yy = bsinucosv
z, = 0

z, = -—csinv

24



8 Enneper’s Surface

Enneper’s surface is an example of a self-intersectingmahsurface. It is named after
the German mathematician Alfred Enneper who constructedtinface in 1863. Although
it has a fairly uncomplicated parametrisation, it is somattard to visualise because of its
self-intersections. By keeping the plot range small, thé plggests the self-intersections
exhibited by the surface and the structure of the surfacgitre.

Note that the self-intersection curves are subsets of theegly= 0 and x= 0. The
surface is a special case of the more general Enneper'sewfalegree n. These surfaces
tend to be even more complicated anflidult to visualise.

Parametric Equations

Define:
u3
fuv) = u—§+uv2
gu,v) = v—§+vu2
h(uv) = -V

25



Then Enneper’s Surface is defined by:
S(u,v) = (f(u,v),g(u, v), h(u,v)), whereu,v e R

The derivatives are given by:

Xy = 1-U2+V2
Xy = 2uv

Yo = 2w

Vo = 1-V+ 12
Z, = 2u

z, = -2

26



9 Figure 8 Klein Bottle

A Klein bottle is a closed surface with no interior and onlyeaurface. It is cannot be
realised in 3 dimensions without intersecting surfacesattbe realised in 4 dimensions by
considering the ma@ : R? — R* given by:

G(u, V) = ((r cosv + a) cosu, (r cosv + a) sinu, r sinvcosg, r sinvsing)

This representation of the immersionid is formed by taking two Ndbius strips and
joining them along their boundaries, this is the so-calledtire-8 Klein Bottle”. Alterna-
tively, imagine joining the ends of a figure-8 cylinder withaf-twist (180). This particular
representation is not what Felix Klein first envisaged in2.8Bhe Klein bottle has the prop-
erties of being nonorientable and having no volume.

The main utility of this surface lies in the fact that the efijpras are simpler than those
used to represent the classical Klein bottle.

27



Parametric Equations

Define:
sin a/sing
f(u,v) = cosu(a+ sinvcosé — T)
sin 2\/sin;
g(u,v) = sinu(a+ sinvcosE - T)
u .
COS=Sin 2
h = n_ n
(u,v) sinz sinv + 5
Wherea > 0

Then the Figure8 Klein Bottle is defined by:
S(u,v) = (f(u,v),g(u,v),h(u,v)), wherer <u<n, r<Vv<nm

The derivatives are given by:

. . u i u
2 smvsmé + Sin 27 cos—=

Xs = —0(u,v)-cosu 7] 2
u . u
Xy = cosu(cosvcosé — cos &/sin 5)
.. u o f u
Zs,lnvslnE + sin 2\/0055
Yo = f(u,v)—sinu
4
. u . u
Yy = Sin u(cosvcosi — cos &/sin E)
cosgsinv sin-sin2v
7, = 2 2
4
sin - cosv
= —— +C0S-Ccos&
& 2 "%

28



10 Klein Bottle

A Klein bottle is a closed surface with no interior and onlye®urface. It is cannot be
realised in 3 dimensions without intersecting surfacesatitbe realised in 4 dimensions by
considering the ma@ : R? — R* given by:

. . u_ . .u
G(u,Vv) = ((r cosv + a) cosu, (r cosv + a)sinu, r smvcosz, r sinvsin 5)

This representation of the immersionki is formed by taking two Ndbius strips and
joining them along their boundaries. This is the form imagiiby the topologist Kelix Klein
in 1882, when he imagined sewing twadldius strips together to create a single sided bottle
with no boundary. The Klein bottle has the properties of geianorientable and having no
volume.

Thanks to Robert Israel[6] for providing the equations defirthis classical representa-
tion of the immersion irR3.

29



Parametric Equations

Define:

f(u,v) T cosu (3 cosv + 5sinucosvcosu — 30 sinu

— 60 sinuco u + 90 sinucog u)

-1 . .
Ig Sinu (80 cosvcos usinu + 48 cosvcos u

— 80 cosvcos usinu-48 cosvcos u
— 5cosvcos usinu — 3cosvcos u
+ 5sinucosvcosu + 3 cosv — 60 sinu)

g(u.v)

h(u, v)

2 . :
15 sinv (3 + 5sinucosu)
Then the Klein Bottle is defined by:

S(u,v) = (f(u,v),g(u,v),h(u,v)), wherer <u<n, t<v<2r

30



The derivatives are given by:

X, = -—tanuf(u,v)

2 .
— 75 cosu (5 cosvcog u— 5sirf ucosv — 30 cosu — 60 cog u

+ 360 sirf ucos u + 90 co$ u — 360 sirf ucos u)

2 . . .
Xy = T cosu (-3 sinv — 5 sinusinv cosu)
1 . .
Yo = —ggcosu (80 cosvcos usinu + 48 cosvcos u — 80 cosvcos usinu

— 48 cosvcos u— 5cosvcos usinu — 3cosvcog u + 5 sinucosvcosu

, 1 . .
+ 3 cosv — 60 sinu) — 15 sinu(-560 cos/co$ usirf u

+ 80 cosv co$ u — 288 cos/cos usinu + 400 cos/ cos' usir u
— 80 cosvcos u+ 192 cos/cos usinu + 15 sirf ucosvcog u
— 5cosvcost u + 6 sinucosvcosu + 5 cosvcog u

— 5sirf ucosv — 60 cosu)

-1 . . .
Yy = = sinu (—=80 sinvcos usinu — 48 sinvco u

+ 80 sinvcog usinu + 48 sinvcos u + 5sinvcos usinu
+ 3sinvcog u — 5sinusinvcosu — 3 sinv)

2 . .
7, = 1—53|nv(5co§u—55|r?u)

2 .
z, = 1—5cosv(3+55|nucosu)
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11 M0obius strip

The Mbbius strip is a single-sided non-orientable surface. $hréace was discovered
by August Ferdinand Rbius in 1858. This is the easiest non-orientable surfavest@lise
because you can construct it from a strip of paper. This isrgaortant surface in topology,
often one or more of these surfaces are added to other ssirfadeuild new ones. For
example, Klein used two of them to build his Klein bottle, abg gluing a Mdbuis strip
to the edge of a disk, we can construct three possible sw;faeenely Boy’s surface, the
Cross Cap and the Roman Surface . Itis also depicted in argsesentations, for example,
M0obius strip 1l, 1962, by M.C. Escher, Escher Foundation, Gartesnuseum Den Haag,

The Hague.
The picture, above, clearly shows the half-twist in the acet
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Parametric Equations

Define:
f(uv) = (a—vsing)sinu
ag(u,v) = (a—vsin;)cosu
h(u,v) = vcosg
Wherea > 0.

Then the Mbbius strip is defined by:
S(u,v) = (f(u,v),g(u,v),h(u,v)), whereO<u<2r, -1<v<-1,a>0

The derivatives are given by:

vcos;sinu
X, = —T+g(u,v)
ou .
Xy = —sméjlnu
vcosécosu
Yo = ———5——~fuy)
. u
Y o= —smécosu
vsinE
Z, = - 2
2
= cosu
& = €053
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12 Random Hills

This function produces random hills on a surface. We takeiassef points that have
been assigned an amplitude or height along with variancé®ix-, y— directions and sum
the Gaussian contributions from all the hills to get the hed the point.

Parametric Equations

Define:

The number of hills a®l. The position of the’th hill as (X, y;) the variance of the hill
as /., vy,) and its amplitude aa. The contribution from thé&th hill at position (, v) on the
plane is:

(U—x)
V
(V—y)

Vy-
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Thus:

f(uv) = u
guv) = v

N _Xi2+yi2
huv) = >ae 2

i=1
Then the Random Hills surface is defined by:

S(u,v) = (f(u, V), g(u,v), h(u, v))
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13 Steiner's Roman Surface

The Roman surface, also known as Steiner’s Roman surface,iscavered in 1844 by
Jacob Steiner, it is called the Roman Surface because he viRanie at the time. While
Steiner was working on the solution he was having sonfiecdity with solving a compli-
cated polynomial, so he asked his friend Karl Weierstrase®if he could find a solution,

and the solution was:
XV + Y7 + X2 +xyz=0

The Roman surface is a realization of the real projectiveqafd? in 3-spaceR3. As such,
because it is non-orientable and closed, it will have sekisections. The Roman Surface
has six Whitney singularities, these are points that havangent plane which means that
these points are not immersedRi. Essentially, the Roman surface consists of six cross
caps stuck together.
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Parametric Equations

Define:
fuy) = azcos?;/sinm
a?sinusin v
guy) = ————
2 H 2/
huy) = a‘cosusin
2
Wherea > 0.

Then the Roman Surface is defined by:
S(u,v) = (f(u,v),g(u,v),h(u,v)), whereO<u<nr, O<v<nm

The derivatives are given by:

X, = a’cosvcosd
X, = —a?cosvsinasinv

a?cosusin 2v
W= T
Yy = a’sinucos¥
- a?sinusin v

B 2

Z, = a’cosucos¥
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14 Super Ellipsoid

A superellipsoid is an ellipsoid where power terms have laeketed to the trigonometric
functions that define the surface. This allows us to genaratiele variety of shapes because
power terms< 1 generate rounded squarish convex surfaces whilst powestel generate
surfaces that are concave with sharp edges.

Parametric Equations

Define:
f(uv) = asin"vcos2u
gu,v) = bsinMvsinMu
h(uv) = csinv

The shape of the ellipsoid in tie- direction is controlled by, and the shape in the—y
plane is controlled by, wheren;,n, > 0. There may be numerical issues with very small
or large values of; or n,. The scale factors for each axis, y—, z—) area, b andc where
a,b,c>0.

Then the superellipsoid is defined by:

S(u,v) = (f(u,v),g(u,v),h(u,v)), whereO<u<2r, O<v<nm

38



The derivatives are given by:

x, = -antanusin™vcod®u
x, = an;cotvsin™vcoduy
yu = bnycotusinMv sin2u
yv = bncotvsinyv sin"2u
z, = 0

7, = cncotvsiny
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15 Super Toroid

A supertoroid is a torus where power terms have been addée timigonometric func-
tions that define the surface. This allows us to generate a wadety of shapes because
power terms< 1 generate rounded squarish convex surfaces whilst poweste 1 gener-
ate surfaces that are concave with sharp edges.

Parametric Equations

Define:
f(uv) = ryc+acos?v) cos'u
g(u,v) = ry(c+acos?y) sinu
h(u,v) = r,asin2v

The radius from the centre to the middle of the ring of thedase, anda is the radius of the
cross-section of the ring of the torus, whera > 0. Generallyc > a, giving the usual torus
shape. The shape of the torus ring is controllechpgind the shape of the cross-section of
the ring is controlled by, wheren,, n, > 0. There may be numerical issues with very small
or large values ofi; or n,. The scale factors for each axis<{ y—, z-) arery, ry andr, where

My, fy, 2> 0.
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Then the supertoroid is defined by:
S(u,v) = (f(u,v),9(u,v), h(u,Vv)), whereO<u<2r, 0<Vv<2r

The derivatives are given by:

X, = —ryn(c+acos?v) tanu cosu
X, = —ryn,acoshu cod®y tanv

Yo = ryni(c+acos2v)cotu sin™u
Yy = —rfyn,asin™ucod®2v tanv

z, = 0

z, = r,masin™v cotv
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16 Torus

This is a surface having a genus of one and thus posessedalsitgy This is generated
by revolving a circle about an axis coplanar with the ciraké ot touching the circle.

Parametric Equations

Define:
f(u,v) = (c+acosv)cosu
g(u,v) = (c+acosv)sinu
h(u,v) = asinv

The radius from the centre to the middle of the ring of thedase anda is the radius of the
cross-section of the ring of the torus whera > 0. Generallyc > a, giving the usual torus
shape.

Then the torus is defined by:

S(u,v) = (f(u,v),g(u,v),h(u,v)), whereO<u<2r, 0<v<2r
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The derivatives are given by:

Xu
Xy
Yu

Yv

—g(u,v)
—asinvcosu
f(u,v)
—asinvsinu
0

acosv
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